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1 Model Derivation
1.1 Ice Sheet Elevation
Each ice sheet (labelled with index j = 1, 2) has a generic thickness profile that
decreases with distance from the ice dome
h1(x) = A1 (R1 − |x|)α (1)
h2(x) = A2 (R2 − |Lc − x|)α (2)
where Aj and α are parameters which set the shape of the ice sheet profile, and Rj is
the horizontal extent of an ice sheet from ice dome to margin. The ice sheet radii, Rj ,
are the only prognostic variables in this model. The distance between the two ice sheet
domes (thickness maxima) is prescribed as parameter Lc.
These two ice sheets rest on a continent that is flat in the interior and slopes down-
wards at the continental margins. The corresponding bed topography is
b(x) =

d0 + s1x if x < 0
d0 if 0 ≤ x ≤ Lc
d0 − s2x if x > Lc
(3)
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where d0 is the bed elevation in the continental interior and sj are the bed slopes at the
left and right continental margins. Ice sheet elevation (E) is thus given by
E(x) =
 b+ h1 if x < xs1b+ h2 if x > xs1 (4)
where xs1 is the location of the ice saddle. The location of the ice sheet domes is pre-
scribed to occur where the flat continental interior gives way to the sloping continental
margin. The simplified topography captures the most salient details of continental to-
pography that can produce a stable land-based ice sheet without adding complexities
that would require a complex numerical ice sheet model.
1.2 Ice Saddle Location
The saddle point is the location at which the two ice sheets intersect. Setting the
inner ice sheet thickness profiles (equations 1 and 2) equal to one another, we derive the
saddle point location
xs = γ
[(
A1
A2
) 1
α
R1 −R2 + Lc
]
, (5)
where γ =
[
1 +
(
A1
A2
) 1
α
]−1
is a parameter that measures the asymmetry in ice sheet
size parameters. If the ice sheets do not intersect, the saddle point location is not phys-
ically meaningful. Therefore, we must define xs separately for each ice sheet, and allow
for the case where the ice sheets are separated, which gives
xs1 = xsH(φ) +R1 (1−H(φ)) (6)
xs2 = (Lc − xs)H(φ) +R2 (1−H(φ)) (7)
where H(φ) is the Heaviside function and φ = R1+R2−Lc is a variable that is greater
than zero when the ice sheets intersect.
We note here that we are able to derive an explicit expression for xs because we
assume that the shape of both ice sheet elevation profiles is the same (that is, α is the
same for both ice sheet profiles). If we had different α values for both ice sheets, we would
instead have an implicit expression for xs that would need to be solved using a root find-
ing method, and the ice sheet evolution ODEs would no longer be analytically separa-
ble (see section 1.7).
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1.3 Volume of ice sheets
We consider the vertical cross-section of two ice sheets which may intersect with
one another. Each ice sheet is split into “inner” and “outer” sections. The inner sections
are those on the flat continental interior which have the possibility of intersecting. The
outer sections are those on the sloping continental margins which do not intersect. In
the coordinate normal to the cross-section of ice sheet intersection (i.e. North-South for
the Laurentide Ice Sheet), we make the simplifying assumption that the ice sheet has
constant length, Lnj that does not depend on the maximum ice sheet thickness. Thus,
in general we may write the volume of the two types of ice sheet sections as
Voj = Lnj
∫ Rj
0
hj(x)dx, (8)
for outer ice sheet sections and
Vij = Lnj
∫ xsj
0
hj(x)dx (9)
for inner ice sheet sections, where xsj is the point of ice sheet intersection. We take Lnj =
Ln to be the same for all ice sheets hereafter.
The volume of the outer ice sheet sections is simple enough to derive
Vo1 = Ln
∫ R1
0
A1 (R1 − x)α dx = LnA1
α+ 1
Rα+11 , (10)
for ice sheet 1, and
Vo2 = Ln
∫ R2
0
A2 (R2 − x)α dx = LnA2
α+ 1
Rα+12 , (11)
for ice sheet 2. Again, we note that for the purposes of these integrations, each ice sheet
can be considered to have its own local coordinate system (where the ice sheet center
is at x = 0).
The inner ice sheet sections are slightly complicated by the possibility that they
may intersect with one another, giving a different form of ice sheet volume
Vi1 = Ln
∫ xs1
0
A1 (R1 − x)α dx = LnA1
α+ 1
[
Rα+11 − (R1 − xs1)α+1
]
, (12)
for ice sheet 1, and
Vi2 = Ln
∫ xs2
0
A2 (R2 − x)α dx = LnA2
α+ 1
[
Rα+12 − (R2 − Lc + xs2)α+1
]
, (13)
for ice sheet 2. We note here that the only difference between the two ice sheet arises
from the different local coordinate transformation, where ice sheet 1 is centered at x =
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0 and has its intersection point at xs1 in its local coordinate system and ice sheet 2 is
centered at x = Lc and so its intersection point is at Lc − xs2 in its own local coordi-
nate system.
1.4 Surface Mass Balance
Land-based ice sheets gain and lose mass entirely through accumulation and melt-
ing at the ice sheet surface. The total surface mass balance (SMB; accumulation minus
surface melting) is affected by various climatic and ice sheet surface processes over thick
polar ice sheets, which in sum tend to produce SMB that increases with elevation, un-
til reaching a constant value at a saturation elevation
M(E) =
 a0 + βE if E < ERa0 + βER if E ≥ ER (14)
where E is the ice sheet surface elevation, a0 is the surface mass balance at sea level, β
is the mass balance gradient and ER is the saturation elevation where SMB becomes con-
stant. For simplicity, we apply this single surface mass balance to both ice sheets in this
model.
1.5 Ice sheet runoff elevation
On the continental shelf of ice sheet 1, the runoff elevation (ER) intersects the ice
sheet at location
ER = A1 (R1 − xR1)α + s1xR1 + d0. (15)
For an arbitrary value of α, we must use a root finding method to solve for the runoff
elevation numerically. However, we may consider the common case where glacial ice is
assumed to be a plastic material, and the ice sheet profile is parabolic (α = 12 ). This
is the assumption made by Weertman [1961] and many other studies. In such a circum-
stance, equation 15 is a quadratic equation that can be solved analytically for the loca-
tion of the runoff elevation
xR1 = −s−21
[
A1
(
s1 (ER − d0) + A
2
1
4
+ s21R1
) 1
2
− s1 (ER − d0)− A
2
1
2
]
. (16)
We can also write a similar form for the location of the runoff elevation for ice sheet 2
xR2 = Lc + s
−2
2
[
A2
(
s2 (ER − d0) + A
2
2
4
+ s22R2
) 1
2
− s2 (ER − d0)− A
2
2
2
]
. (17)
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On the inner ice sheet sections, the runoff elevation intersects the ice sheet at lo-
cation
ER = A1 (R1 − xR1i)α + d0. (18)
which can be solved analytically in all cases for the location
xR1i = R1 −
(
ER − d0
A1
) 1
α
(19)
xR2i = Lc −R2 +
(
ER − d0
A2
) 1
α
. (20)
As with the saddle point, we must account for the scenario where the elevation of
a runoff line is lower than the ice sheet saddle point or higher than the maximum height
of an ice sheet. We can deal with these scenarios by defining the location of the ice sheet
runoff lines as follows
x′R1 = max[xR1iH2(ψ) + xs1 (1−H2(ψ)) , 0] (21)
x′R2 = max[xR2iH2(ψ) + xs2 (1−H2(ψ)) , 0], (22)
where H2(ψ) is the Heaviside function and ψ = xsj−xRji is a variable that is greater
than zero when the runoff lines are above the saddle point and surface melting may oc-
cur in the interior ice sheet sections.
1.6 Integrated Surface Mass Balance
We now consider the integrated surface mass balance that drives all changes in ice
sheet volume. To do so, we integrate the elevation-dependent surface mass balance spec-
ified in equation 14 over the ice sheet elevation given by equations 1, 2 3 and 4. The sur-
face mass balance is split into two regimes, one in which it is increasing with elevation
(below ER), and one in which it is constant with elevation (above ER). Thus, we must
also split our integrals into two parts. We start with the integrated surface mass balance
for the outer section of ice sheet 1, written in terms of x
Bo1 =
∫ R1
xR1
[a0 + β (d0 − s1x+A1 (R1 − x)α)] dx+
∫ xR1
0
(a0 + βER) dx, (23)
where xR1 is the location of the the x-coordinate location of the runoff elevation (which
we derive in section 1.5). We calculate the first surface mass balance integral as follows
Bo1 = (R1 − xR1) (a0 + βd0)− 1
2
βs1
(
R21 − x2R1
)
+
βA1
α+ 1
(R1 − xR1)α+1 + xR1 (a0 + βER) .
(24)
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The integrates surface mass balance of the outer section of ice sheet 2 is calculated in
a similar fashion and may be written as
Bo2 = (R2 − xR2) (a0 + βd0)− 1
2
βs2
(
R22 − x2R2
)
+
βA2
α+ 1
(R2 − xR2)α+1 + xR2 (a0 + βER) .
(25)
Integrating the surface mass balance on the inner ice sheet sections has two main
differences from the outer section: (1) the ice sheet may be intersecting, and (2) there
is no bed slope (though of course this may change under different assumptions about con-
tinental interior bed topography. The integrated ice sheet mass balance for the interior
section of ice sheet 1 is
Bi1 =
∫ xs1
x′
R1
[a0 + β (d0 +A1 (R1 − x)α)] dx+
∫ x′R1
0
(a0 + βER) dx, (26)
which uses a modified form of the runoff line location (x′R1, discussed in section 1.5). This
equation has solution
Bi1 = (xs1 − x′R1) (a0 + βd0) +
βA1
α+ 1
[
(R1 − x′R1)α+1 − (R1 − xs1)α+1
]
+ x′R1 (a0 + βER) .
(27)
We note that again we can calculate a similar integral for the inner section of ice sheet
2
Bi2 = (xs2 − x′R2) (a0 + βd0) +
βA2
α+ 1
[
(R2 − x′R2)α+1 − (R2 − xs2)α+1
]
+ x′R2 (a0 + βER) .
(28)
1.7 Complete ice saddle model
We have now derived the ice sheet volumes, and the integrated surface mass bal-
ances. The integrated surface mass balance is the “source” function for the changing ice
sheet volumes. So, to complete the ice saddle model, we start by taking the time deriva-
tive of the volume of ice sheet 1 (equations 10 and 12)
∂
∂t
(Vo1 + Vi1) = 2LnA1R
α
1
∂R1
∂t
− LnA1 (R1 − xs)α
(
∂R1
∂t
− ∂xs
∂t
)
. (29)
We can calculate a similar time derivative for ice sheet 2
∂
∂t
(Vo2 + Vi2) = 2LnA2R
α
2
∂R2
∂t
− LnA2 (R2 − Lc + xs)α
(
∂R2
∂t
+
∂xs
∂t
)
. (30)
After the time derivatives of the saddle point location are carried through, both of these
equations can then be rewritten in terms of separated derivatives in the two prognos-
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tic variables, R1 and R2,
∂
∂t
(Vo1 + Vi1) = A1Ln
[(
2Rα1 − γα+1φα
) ∂R1
∂t
− γα+1φα ∂R2
∂t
]
(31)
∂
∂t
(Vo2 + Vi2) = A2Ln
[
− (1− γ)α+1 φα ∂R1
∂t
+
(
2Rα2 − (1− γ)α+1 φα
) ∂R2
∂t
]
, (32)
with the reminder that γ is an ice sheet asymmetry parameter and φ is a measure of the
separation of the two ice sheets.
We can now re-introduce the integrated surface mass balances, which are equation
to the time derivates of ice volume for each ice sheet
A1Ln
[(
2Rα1 − γα+1φ
1
2
) ∂R1
∂t
− γα+1φα ∂R2
∂t
]
= Bo1 +Bi1 (33)
A2Ln
[
− (1− γ)α+1 φα ∂R1
∂t
+
(
2Rα2 − (1− γ)α+1 φα
) ∂R2
∂t
]
= Bo2 +Bi2, (34)
this gives us a complete set of prognostic equations for our ice saddle system, but to have
an easily integrated and interpreted system, we separate derivates
∂R1
∂t
= (k11k22 − k12k21)−1 [k22 (Bo1 +Bi1) + k12 (Bo2 +Bi2)] (35)
∂R2
∂t
= (k11k22 − k12k21)−1 [k21 (Bo1 +Bi1) + k11 (Bo2 +Bi2)] (36)
where
k11 = A1Ln
(
2Rα1 − γα+1φα
)
(37)
k12 = A1Lnγ
α+1φα (38)
k21 = A2Ln (1− γ)α+1 φα (39)
k22 = A2Ln
(
2Rα2 − (1− γ)α+1 φα
)
(40)
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2 Simulated deglaciation of a single-dome ice sheet
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Figure 1. Comparison of simulated meltwater pulses for one- and two-dome ice sheets with
the same initial ice sheet volume. Simulation with black solid line has two domes (same as simu-
lation in Figure 2 of main text). Simulation with red dashed line has one dome (A1 is sufficiently
small that the initial steady-state ice sheet configuration consists of only a single ice sheet (i.e.
R1 = 0 km). (a) Simulated total ice volume in meters sea level equivalent. (b) Simulated rate of
sea level rise.
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3 Dependence of meltwater pulse characteristics on other parameters
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Figure 2. Meltwater pulse properties as a function of bed slopes. (a) Maximum rate of ice
loss during meltwater pulse in cm/yr sea level equivalent. (b) Timing of meltwater pulse after
onset of climate forcing in years. In both panels, x- and y- axes are bed slopes, s1 and s2, re-
spectively. Black contours are total volume of both ice sheets in pre-meltwater pulse steady-state
configuration (in units of 106 km3). Grey contours are ratio of ice sheet 2 volume to ice sheet 1
volume. Laurentide-Cordilleran Ice Sheet complex volume was 33 × 106 km3 during the LGM
[based on ICE-6G estimate, see Peltier et al., 2015]. Simulations in region shaded in white do not
include a meltwater pulse.
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4 Bifurcation diagram
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Figure 3. Bifurcation diagram for two ice sheet model with parameters the same as listed in
caption of Figure 2 in main text, except A1 = 2.3 and A2 = 2.6.
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Figure 4. Bifurcation diagram for two ice sheet model with all parameters the same as listed
in caption of Figure 2 in main text.
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